This paper addresses a gap in the arsenal of curvature continuous tensor-product spline constructions: an algorithm is provided to fill n-sided holes in C 2 bi-3 spline surfaces using n patches of degree bi-6. Numerous experiments illustrate good highlight line and curvature distribution on the resulting surfaces.
Introduction
C 2 tensor-product splines of degree bi-3 are a widely-accepted tool for high-end design. A key challenge is to join with continuity of curvature such patches via n-sided caps where the bi-cubic C 2 tensor-product spline patches do not meet up in a grid-like fashion. The state of the art in constructing curvature continuous free-form surface of least-degree rely on caps of degree bi-5 consisting of at least 4n polynomial pieces [GZ99, Pet02, KP13] . The caps of [GZ99, Pet02] often have poor shape already for moderate valencies. The caps of [KP13] are of high quality but require even more complicated macro-patches when the valence exceeds n = 7. The multi-patch constructions of [Pra97, Rei98] of degree bi-6 are the result of composing a bi-3 re-parameterization with a single quadratic polynomial, making such constructions too stiff to model, for example higher-order saddles. If we want to avoid macro-patch splitting of the sectors of the n-sided cap, good results are typically achieved by the construction [LS08] of degree bi-7. For stationary subdivision surfaces, the results of [PR99] imply, again by a composition argument, that bi-6 is a lower bound for C 2 continuity. [KP07, Har11] are examples of C 2 subdivision schemes that use an infinite sequence of contracting polynomial surface rings of degree bi-6 to cover n-sided caps. However, these approaches lack the simplicity of Catmull-Clark-subdivision and are of higher degree than the earlier-mentioned finite-number-of-pieces bi-5 G 2 constructions. 'Almost' G 1 or G 2 constructions, such as [KP15a] , that satisfy the smoothness constraints with an error, show promise in practice, but lack a provable bound on the error. The state of the art therefore leaves unresolved the question whether caps for curvature continuous free-form surfaces can be constructed from n polynomial pieces of degree bi-6.
Leveraging the recently-developed and honed kit of techniques for propagating and averaging out data prescribed on the (tensor-border) boundary of a cap, this paper answers the question in the affirmative. The following presents a bi-6 G 2 construction that yields good highlight lines and a good distribution of curvature on a standard gallery of difficult-to-handle input quad meshes [KP15b] . The non-linear constraints underlying the construction can turn out to be infeasible even if there appear to be sufficiently many degrees of freedom and they may result in complicated expressions for any resulting degrees of freedom. Due to the complexity of the calculations both the discovery and the derivation of the algorithm by searching the non-linear space rely heavily on symbolic computation. Moreover, the final derivation of the algorithm with its default values are the result of numerous iterations and experiments that test, on the obstacle course [KP15b] , the surface shape resulting from algorithmic variants. Once the default choices and values are in place, it is straightforward to verify curvature continuity by symbolic computation based on the provided coefficients and the concrete algorithm.
Overview. Section 2 lays out the definitions and the setup for the cap construction. Section 3 provides the details and summarizes the algorithm. Section 4 discusses experiments and the rationale underlying choices of default values and it compares the algorithm to alternatives in the literature.
Definitions and Setup
We consider the standard setup, an input network of quadrilateral facets or quads, ignoring complexities arising from trimming and tolerances. The nodes where four quads meet are called regular. Other are called irregular nodes. We assume that each irregular node is surrounded by at least one layer of regular nodes. If the assumption does not hold, one local CatmullClark-refinement step achieves this. We denote as cap-net c the two-ring of one irregular node, i.e. the irregular node plus 6n nodes forming two layers of quads surrounding it. The second layer of quads may have irregular nodes among its vertices. Fig. 1a displays a cap-net and Fig. 1c displays an extended cap-net, i.e. a cap-net plus one additional layer. This additional layer is not used for the construction of the cap but provides a surface ring (green in Fig. 1d ) surrounding the cap for a concrete assessment of the transition. The quality of this transition is as important as the internal quality of the cap. Whenever the context is clear, we abbreviate 'extended cap-net' as net. Each 4 × 4 sub-grid of points of the network is interpreted as the B-spline control points of a bicubic tensor-product spline surface. The well-known formulas (see e.g. [Far02, PBP02] ) for converting the B-spline form to the Bernstein-Bézier form (BB-form) can be applied to the cap-net -except at the irregular node. Along the boundary of the cap, this provides second order Hermite data in bi-degree 3 form (fine meshes in Fig. 1b,d ). We refer to these Hermite data in the following as the tensor-border b (of depth 2 and degree 3) of the cap construction.
A tensor-product patch f of bi-degree d is defined by its BB-coefficients f ij via
For the main derivations, we assume that the valence of the irregular node is n > 4. Two small changes are needed when n = 3. These are listed in Section 3.5. In either case, the cap consists of n patches of degree bi-6. The computations of the first four subsections are illustrated, for n = 6, by the Maple script n6 posted next to the manuscript at the second author's web-page. The script allows the reader to provide own input configurations and experiment with functionals other than what we suggest below.
Reparameterizing between sectors
We consider, for k ∈ {0, . . . , n − 1}, two adjacent patchesp := p k−1 andṕ := p k , (superscript modulo n; see Fig. 2a ) that share the curve segment e(u) :=p(u, 0) =ṕ(u, 0) (see Fig. 2b ). To avoid bias, we choose the reparameterization (1) along e to have a(u) := −1 and e(u) :
2 ). Testing solvability, enforcing simplicity and comparing the shape of the resulting constructions, yields the carefully calibrated choice
, where c := cos 2π n .
While d(u) and hence ρ is rational, the surface caps will consist of n polynomial patches p k of degree bi-6. The choice of τ = 1 in the denominator 1 − u + τ u is motivated by better shape: numerous examples in Section 4 show that while τ := 1 yields a polynomial ρ, this choice generically results in worse surface shape.
When considering the constraints (2), (3), it is convenient to index the BB-coefficients of the adjacent patchesp andṕ locally, symmetric with respect to sector boundary e rather than rotationally symmetric about the extraordinary point as is appropriate for the full cap in terms of p k . The locally independent BB-coefficients are marked as disks (black and red), crossed circles (black and cyan) and black squares. All other 16 mesh points represent BB-coefficients fixed in terms of the independent ones to resolve the local G 2 constraints between two sectors. 
Solving the constraints
the degree of e reduces to 5 and the left-side in (2) becomes a polynomial of degree 6.
• After multiplication by 1 − u + τ u, the left-side of (3) becomes a polynomial of degree 7. For any other choice of δ the degree would be 8.
To enforce (2) and (3), their 7 + 8 BB-coefficients must be set to zero. We solve the corresponding local system of 15 linear equations with the symbolic computation system Maple. This allows us to keep many BB-coefficients unassigned for later optimization and only assign the 15 local BB-coefficients that Fig. 2b shows as: hollow squares and diamonds, as uncircled red, black, blue × or as not marked. (The total count is 16, but recall thatp 30 is defined by (5).) Next, we account for the interactions between these n local systems of equations at the irregular pointp 00 , as follows.
(S1) We select the six BB-coefficients p 
The BB-coefficientsṕ 01 ,ṕ 11 andṕ 02 of (6) are marked as red crosses in Fig. 2b . Note that this assignment reaffirms the assignment made in the local system but now in dependence on a single sector.
(S2) Withμ i ,μ i , ... µ i listed in the Appendix, the constraints for the BB-coefficients marked as black crosses in Fig. 2b aré 
Solving all n constraints of type (8) are purely local to two patches.
(S4) The remaining assignments, depicted as hollow boxes in Fig. 2b arè 
Reparameterizing the tensor-border b
While the assignments (10) match the degree-raised tensor-border b, the assignments (11) are incompatible with a C 2 prolongation of b. Therefore we define, for each edge of a sector, a reparameterization β of degree 4 to adjust b. The BBcoefficients of β are shown in Fig. 3 , where an index 00 corresponds to the corner location v k−1 and the index 40 corresponds to the junction m k of e with b (see Fig. 2a 
The assignments (17) in the Appendix provide the explicit expressions for the coefficients of the so-reparameterized tensorborder. 
Solution of the two circulant systems
• The system of 2n equations (7) always has a solution. The solution is unique unless n = 6. For n = 6 we may additionally set one of the BB-coefficients. We choose p 0 21 .
• The system (8) of n equations can be solved by solving a subsystem of n − 1 equations in terms of p
Construction of 3-sided caps
When n = 3, algebraic dependencies require two small changes to the derivation of the constraints and symbolic substitutions. First, the recursive application of formulas (6) requires that τ = An additional change, to the formula for the irregular point in Step 1 of the Algorithm, is not required but improves the shape.
The cap construction
Input: A cap-net of 6n + 1 points c k j . j = 1, . . . , 7 with extraordinary node c 7 = c k 7 , k = 0, . . . , n − 1 of valence n (cf. Fig. 1a ) -or -an n-sided tensor-border b of degree 3 and depth 2 (cf. Fig. 1b) .
Output: A G 2 surface cap, p consisting of n bi-6 patches joining to b both C 1 and G 2 . 4. Let, for 1 ≤ i + j ≤ 2 and k = 0, . . . , n − 1, denote the set of 5 + 1 + n + n = 2n + 6 BB-coefficients
. Express all remaining BB-coefficients in terms of P and b • β to resolve all smoothness constraints. Then P is determined by minimizing the functional F 5 over all n bi-6 patches, where
Implementation via generating functions
The Algorithm works for each coordinate separately. When all cap-net points c k m have value 0, except for c 0 m = 1 for one of m = 1, . . . , 7 (see Fig. 1a) , we obtain the scalar-valued bi-6 coefficients h k,m ij ∈ R, k = 0, . . . , n − 1, m = 1, . . . , 7, i, j ∈ {0, . . . , 6}, 
where the superscript of c κ−k m is interpreted modulo n. 
Discussion of choices and comparisons
This section discusses the various choices when designing the Algorithm. Since there is no agreement on a mathematical characterization of 'fair shape', these choices are made based on a sequence of challenging input data sets [KP15b] . The goal is to obtain surfaces whose highlight lines do not unnecessarily oscillate or form pinch points. Fig. 4 illustrates experiments that led to the choice of the functional F 5 when determining the remaining degrees of freedom P in step 4 of the Algorithm. Clearly, the often-used functional F * 2 results in undesirable oscillations of the highlight lines (pointed to by the arrow in Fig. 4b ), while our choice of F 5 , selected as optimal for the input obstacle course [KP15b] , does not (see Fig. 4c ). Remarkably, comparing Fig. 4e and Fig. 4f , the curvature of our bi-6 construction is at least as good as that of the bi-7 construction [LS08] . Fig. 5 illustrates the consistent observation of oscillating highlight lines when using a polynomial ρ, i.e. setting τ = 1 (compare Fig. 5b to Fig. 5c ). Adjusting the functional does not help: τ = 1 always results in a less uniform distribution of the BB-net of the cap than does τ def . Such a non-uniformity coincides with visible shape artifacts in this and many other test configurations such as Fig. 5e vs Fig. 5f (and Fig. 8o compared to Fig. 8p) . We concluded that, while choosing ρ to be polynomial by setting τ = 1 simplifies the constraints, it is not compatible with high-quality surfaces. Fig. 6 contrasts the new bi-6 surface caps with capping by Catmull-Clark-subdivision. It is well-known that Catmull-Clarksurfaces develop a saddle limit shape even for convex input meshes. However, Catmull-Clark-subdivision also yields pinched highlight lines for inputs such as the net modeling three beams meeting for n = 7, Fig. 6a . This confirms that Catmull-Clarksubdivision can not be relied upon to create high-quality surfaces. Fig. 7 illustrates the importance of choosing the irregular point. In Fig. 7b the irregular point is chosen as part of the optimization. Adjusting the quadratic functional does not help: all fail to prevent the dip. Remarkably, choosing the irregular point to be the Catmull-Clark-limit point (with a small modification when n = 3) results in the expected convex shape in the vicinity of the irregular point and class A highlight lines -even though Catmull-Clark-subdivision surfaces itself does not yield ) while using the Catmull-Clark-limit point yields the expected shape (c,e). However, using the Catmull-Clark-surface directly does not yield a high-quality surface (f vs g).
class A surface (as is verified also for this example by comparing Fig. 7f to Fig. 7g ).
In Fig. 8 the input net is generated by creating a design sketch, i.e. several basic surfaces are placed together without concern for their transition. The sketch is approximated by a B-spline mesh. Any later change of the design corresponding to altering or repositioning the basic surfaces then corresponds to moving groups of control points, as might be done in B-spline based design environments. The sketch Fig. 8a is the result of replacing one quarter of a quadric with a bicubic patch connected via vertical side-walls. Fig. 8b and c show the derived net and the BB-nets of bi-3 ring and the bi-6 cap. The design modifications of Fig. 8e and Fig. 8i illustrate the flexibility and convenience of this approach. Fig. 8k ,l show a good distribution of highlight lines even for extreme configurations and high valence n = 8. The second design Fig. 8m is sketched by juxtaposing three bi-quadratic and two planar pieces. Its modification trades one bi-quadratic piece for a planar piece.
Valence n > 8 is rare in practice. We include examples of valence n = 9, 10, 12 in Fig. 9 to confirm that the bi-6 construction can handle also exotic configurations.
When n = 3, the juxtapositions of Fig. 10b ,c and of Fig. 10e ,f demonstrate that the new bi-6 construction has a more uniform curvature distribution than [LS08] . We credit our subtle setting of the irregular point, first used in [KP13] with the improved curvature. For n = 3, the G 2 construction in [KP13] 2 yield two fewer unconstrained BB-coefficients than our bi-6 construction. Since all three constructions yield surfaces of similar quality, we believe that the setting of the irregular point is what crucially influences highlight line distribution.
In Fig. 11(a,d,g,k) one node of the characteristic net of Catmull-Clark subdivision is elevated. While artificial, such perturbed planar cap-nets acerbate and reveal, with remarkable clarity, the shortcomings of new and old constructions. For valencies n = 5, 6, the constructions of [LS08] and bi-6 still do well, but for n = 7 the shape of the new bi-6 construction and for n = 8 both [LS08] and the bi-6 construction no longer satisfy the requirement of simple, monotone highlight lines. To understand this better, we consider the circulant systems (7) and (8). As [HPS12] showed, systems of type (7) allow no or little freedom. The non-local interaction of constraints of type (8), however, is specific to constructions of degree bi-6 and lower. The resulting tight interleaving of constraints can lead to unwanted oscillations when n ≥ 7. Degree bi-7 constructions, such as [LS08] , have more local freedom that can improve shape. An even better result is achieved with the G 2 construction [KP13] that uses n macro-patches of 4 (or 7 for higher valences) pieces of degree bi-5. Here, too, the additional degrees of freedom are used to improve the shape.
Conclusion
Matching the bi-6 degree lower bound for C 2 subdivision surfaces, the construction of this paper establishes that G 2 freeform surfaces with good curvature distribution can use only one bi-6 patch per sector. Among curvature continuous surfaces filling holes in a bi-3 spline complex and using one patch per quad where n quads meet, the new bi-6 construction is likely of minimal polynomial degree to achieve high-quality, i.e. non-oscillating highlight lines. The key ingredients of the construction are its rational reparameterization in the form of a linear denominator in d(u) and the derivation and symbolic solution of the interlocking sets of G 2 constraints that are circulant systems arising from interaction of local solutions. Discovering formula (13) was crucial to enable a construction of low degree that avoids oscillating highlight lines. Once (13) had been derived, a Two related questions are still unresolved. First, the tensor-border is often itself the result of approximating rational shapes by piecewise polynomial surfaces. Tensor-borders can therefore in practice be of degree higher than bi-3. Unless one adds one or more bi-3 transition layers, this increased degree of the tensor-border adds new algebraic complexity to the cap construction. A second direction of inquiry is to relax the formal continuity requirements and obtain controllable degrees of freedom for shape optimization. While proving a priori bounds on curvature discontinuities in this scenario is a difficult challenge, in practice, such approaches may be effective for the more limited variation of high-quality primary surfaces to be capped (see e.g. [KP15a] ). 250τ 3 (25 − 45cτ + 6c 2 τ 2 ), 5 4c . Next, for the convenience of a reader endeavoring to re-derive the algorithm or check curvature continuity, we present the BB-coefficients q ij , i = 0, . . . , 6, j = 0, . . . , 2 of the reparameterized tensor-border q := b • β where b ij , i = 0, . . . , 3, j = 0, . . . , 2, are the BB-coefficients of b. Since the position and derivative of q are just the tensor-border with the degree raised to bi-6, we need only specify the BB-coefficients q k2 , k = 2, . . . , 6 (bullets in Fig. 12 
